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We propose a novel approach in a search for the neutron electric dipole moment (EDM) by tak-
ing advantage of signal amplification in a weak measurement, known as weak value amplification.
Considering an analogy to the weak measurement that can measure the spin magnetic moment
interaction, we examine an experimental setup with a polarized neutron beam through an external
electric field with spatial gradient, where the signal is sensitive to the EDM interaction. In particu-
lar, a dedicated analysis of effects from impurities in pre- and post-selections is performed. We show
that the weak value amplification occurs, and demonstrate a potential sensitivity of the proposed
setup to the neutron EDM.
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I. INTRODUCTION
Since CP violation arises from only the phase of
the Cabibbo-Kobayashi-Maskawa matrix in the standard
model (SM) and it is tiny [1], CP -violating observables
have provided good measurement sensitive to physics be-
yond the SM. In particular, measurement of the electric
dipole moment (EDM) of the neutron, dn, can give a clear
signal of new physics (NP), and has been a big subject
for the last seventy years [2].
The neutron EDM arises from three-loop short-
distance [3–5], two-loop long-distance [6, 7], one-loop
contributions from the QCD theta term [8], and tree-level
charm-quark contributions [9] within the SM, while it can
arise from one-loop diagrams in general NP models, such
as multi-Higgs bosons [10–13], supersymmetric particles
[14–17], leptoquark [18–20], and models with dynamical
electroweak symmetry breaking [21, 22]. In addition, ob-
served matter-antimatter asymmetry in the Universe re-
quires new CP -violating sources [23, 24], which could be
verified by the measurement of the EDM, e.g., Ref. [25].
So far, although much effort has been devoted to search
for the EDMs, they have not been observed yet. One
of the most severe limits comes from the neutron EDM
search [26]
(dn)exp < 3.0× 10−26 e cm (90% CL) , (1)
by measuring a neutron resonant frequency of ultracold
neutrons (UCNs) based on the separated oscillatory field
method (the so-called Ramsey method) [27, 28].#1 This
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#1 Very recently, an improved limit has been announced by the
limit is five orders of magnitude larger than the SM pre-
diction (dn)SM ∼ 10−(31–32) e cm [6, 7, 9]. Nevertheless,
it severely constrains the NP scenarios that include ad-
ditional CP violation.
In the early stage of the neutron EDM experiments,
not the UCNs but a polarized neutron beam had been
utilized [31–35]. However, it was known that there was
a large systematic uncertainty in neutron beam experi-
ment which comes from relativistic effects. The relativis-
tic effects arise from the motion of neutrons (velocity v)
through the electric field E, as (see, e.g., Ref. [36] for a
derivation)
B =
E× v
c2
. (3)
Even if the neutron beam is shielded from the external
magnetic field, the external electric field does generate
the magnetic filed depending on the velocity (it can be
interpreted as the relativistic transformation of Fµν), and
the sensitivity of the experiment becomes dull because of
the large spin magnetic moment interaction.
In order to avoid the large systematic uncertainty, cur-
rent experiments and new proposed projects are using the
UCNs [37–45]. Besides, most of the experiments have
employed the Ramsey method [27, 28]. The main rea-
sons why the UCNs are preferred are the following two
[35]: First, relativistic effects can be neglected because
of its small velocity of the UCNs. Second, the UCNs can
have longer interaction times with the external electric
nEDM collaboration [29, 30]:
(dn)exp < 1.8× 10−26 e cm (90% CL) . (2)
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spin polarizer
 pre-selection
FIG. 1. Schematic drawing of the proposed experimental setup. First, emitted neutron bunches from neutron source (the
leftmost gray box) are polarized in the first polarizer (the yellow box) and it is called pre-selection. The initial state in this
paper is a neutron state that just goes through the first polarizer. After the pre-selection, the neutron bunches go through the
external electric field with spatial gradient along x axis for a distance L (= vT ). Then, the neutron bunches are re-polarized
(post-selection) in the second polarizer (the pink box). The final state is a neutron state that just goes through the post-
selection. After the post-selection, the detector measures a position of the center-of-mass of the neutron bunch. Spin directions
of the two polarizers are exhibited above the polarizers. The black dots in the neutron bunch roughly represent the single
neutron: the number of neutron significantly decreases after the post-selection.
field because they can be trapped easily. As a result, the
systematic uncertainty is suppressed.
On the other hand, in the polarized neutron beam ex-
periments, although severe systematic effects come from
the relativistic E×v corrections [33, 35], one can prepare
a much larger amount of neutrons, which can reduce sta-
tistical fluctuations. Also, one can use stronger external
electric fields, because the neutron beams are not covered
by an insulating wall unlike the UCNs.
In this paper, we propose a novel experimental ap-
proach in the search for the neutron EDM by applying
not the Ramsey method but a method of weak mea-
surement [46–48], and discuss conditions how our setup
can overtake the current upper limit in Eq. (1). For in-
stance, the spin magnetic moment interaction had been
measured by the weak measurement [47, 49–51], where
a tremendous amplification of signal (a component of a
spin) emerged.
In the weak measurement, two quantum systems are
prepared, and then the initial and final states are prop-
erly selected in one of the quantum systems, which are
called pre- (|ψi〉) and post-selections (〈ψf |), respectively.
A weak value, corresponding to an observable Aˆ, is de-
fined as
〈Aˆ〉W ≡ 〈ψf |Aˆ|ψi〉〈ψf |ψi〉 ∈ C , (4)
and can be amplified by choosing the proper selections of
the states, which is called weak value amplification (for
reviews see, e.g., Refs. [52, 53]). Since the weak value is
obtained as an observable quantity corresponding to Aˆ
in an intermediate measurement between |ψi〉 and 〈ψf |
without disturbing the quantum systems, measurement
of the weak value plays an important role in the quantum
mechanics itself. In addition, the weak value provides
new methods for precise measurements [54, 55]. In fact,
the weak value amplification was applied to precise mea-
surements such as the spin Hall effect of the light (four
orders of magnitude amplified) [56] and the beam deflec-
tion in a Sagnac interferometer (two orders of magnitude
amplified) [57].
In our setup (see Fig. 1), as explained in details at
the next section, unlike the Ramsey method with using
the UCN, we consider a polarized neutron beam with the
velocity of ∼ 103 m/sec. We investigate the motion of a
neutron bunch in the external electric field with spatial
gradient, and apply methods of the weak measurement
which leads to amplification of the signal.
Very interestingly, it will be shown in our setup that
the systematic uncertainty from the relativistic E × v
effect is irrelevant compared to a neutron EDM signal.
This fact is expected as a new virtue of the weak mea-
surement.
This paper is organized as follows. In Sec. II, we pro-
pose an experimental setup for the neutron EDM search
using the weak measurement. In Sec. III, we analytically
calculate an expected observable in this setup. Espe-
cially, the weak value is introduced. Numerical results
are evaluated in Sec. IV. We will show the weak value
amplification and a potential sensitivity to the neutron
3EDM signal in this setup. Finally, Sec. V is devoted for
the conclusions. In Appendix A, a general setup of an
external electric field is considered. In Appendix B, a
formalism of a full-order calculation of the expected ob-
servable is provided.
II. EXPERIMENTAL SETUP
We consider application of the weak measurement
method [47] to the neutron EDM measurement. Because
Ref. [47] utilizes an external magnetic field with a spatial
gradient for measuring the spin magnetic moment, one
should use the polarized neutron beam and an external
electric field with a spatial gradient.
Figure 1 shows our proposed experimental setup. The
detailed explanation is given in the figure caption, es-
pecially the electric field with the spatial gradient αx is
represented by the orange arrows. We set xyz axis as
follows: The neutrons fly along the z axis. The external
electric field has the gradient along x axis. A spin di-
rection of the pre-selection at the first spin polarizer is y
axis.
In order to obtain a signal amplification in a weak
measurement (weak value amplification), two important
selections are necessary: the pre-selection and the post-
selection. The pre-selection is equivalent to preparation
of the initial state in the conventional quantum mechan-
ics. On the other hand, the post-selection is extraction
of a specific quantum state at the late time [46], and it
makes to understand the weak value amplification diffi-
cult because of lack of counterparts in the conventional
quantum mechanics. In a nutshell, the role of the post-
selection is filtering where only events that the observ-
able (such as the position of the neutron) takes a large
value are collected. Note that the weak value amplifica-
tion originates from the quantum interference [58–60], so
that classical filtering is not suitable. In the setup, we
impose selections of the spin polarization of the neutrons
as the pre- and post-selections.
The external electric field is set between the pre-
selection and the post-selection. As discussed in Ap-
pendix A, one can define the x axis as the direction of
spatial gradient of the external electric field. Therefore, x
dependence of y and z components of the external electric
field is negligible without loss of generality. According as
the size of the neutron EDM and the spin polarization,
displacement of the neutron along x axis occurs. We
would like to maximize this displacement by the weak
value amplification.
In this setup, the single neutron can be described by
the non-relativistic Hamiltonian [61]:
Hˆ =
pˆ2
2mn
− dnEˆ · σˆ − µn
mnc2
(Eˆ× pˆ) · σˆ , (5)
where pˆ is the momentum operator of a neutron, mn
is the neutron mass, dn is the neutron EDM, µn is the
neutron magnetic moment, Eˆ is an operator of the exter-
nal electric field vector, and σˆ is the spin operator cor-
responding to the polarized neutron: the operation on
spin-states is defined as σˆi |±i〉 = ± |±i〉 for i = x, y, z.
This Hamiltonian is defined in the Hilbert space H =
HP ⊗HS , where HP is the Hilbert space of the position
(P ) of the neutron, while HS is that of the spin (S) of
the neutron.#2 Note that although the external magnetic
field is zero in the setup, the magnetic filed is generated
by the relativistic effect in Eq. (3).
III. WEAK MEASUREMENT
In this section, we derive an analytic formula of an
expectation value of deviation of the neutron position
from x = 0, which is shown as ∆Wx in Fig. 1.
To analytically study our strategy for the neutron
EDM search based on the weak value amplification, we
adopt two assumptions as follows.
Assumption 1 : We consider the following external elec-
tric field operator:
Eˆ =
(
E0x + αxˆ, E
0
y , 0
)
, (6)
where E0x, E
0
y , and α are constants (namely α =
dEx/dx). Besides, xˆ is an operator corresponding to the
x coordinate of the neutron. A necessary condition of
this form is discussed in Appendix A. Even if the Ez com-
ponent is nonzero, the effect is irrelevant in this setup.
Although Ez generates Bx,y via the relativistic effects
in the third terms of Eq. (5), they are significantly sup-
pressed by small neutron momenta, vx and vy.
Assumption 2 : We consider the following neutron ini-
tial state in the Hilbert space HP :
ρˆPini ≡ |Gpx0 ⊗ py0 ⊗ pz0〉 〈Gpx0 ⊗ py0 ⊗ pz0| , (7)
where we defined as
〈x|Gpx0〉 =
1
(2pid2)1/4
eipx0·xe−
x2
4d2 , (8)
〈j|pj0〉 = 1√
2pi
eipj0·j , for j = y, z . (9)
Here, px0, py0 and pz0 are the initial neutron momenta,
and |Gpx0〉, |py0〉 and |pz0〉 are the quantum states of x, y
and z directions, respectively. We are interested in the
spatial displacement of the neutron along x axis. As ex-
plained below, in the weak measurement, the expectation
value of the neutron position depends on only variance
of the distribution. Therefore, we assume the Gaussian
#2 Besides, one has to consider the free-falling neutrons in the earth.
However, we assume that x axis is perpendicular to the direction
of the gravity force, so that we can treat the free-falling effects
of neutrons independently.
4wave packet |G〉 as the a quantum state of x direction, for
simplicity [62, 63]. In the distribution, we regard d as a
standard deviation of the neutron beam and assume that
the neutron beam diameter is 2d for the x direction.#3
On the other hand, for y and z directions, we assume the
plane wave.
In addition to above assumptions, we use several nu-
merical approximations in this section. These approxi-
mation are reasonable when one takes input values which
will be used in Sec. IV. Note that these numerical approx-
imations are not used in the final plot of Sec. IV.
Based on the assumption 1 in Eq. (6), the Hamiltonian
in Eq. (5) can be expressed as
Hˆ =
pˆ2
2mn
− gµ
[
χ
(
E0x + αxˆ
)
+ E0y nˆpz
]⊗ σˆx
− gµ
[
χE0y −
(
E0x + αxˆ
)
nˆpz
]⊗ σˆy
− gµ
[(
E0x + αxˆ
)
nˆpy − E0y nˆpx
]⊗ σˆz, (10)
where we defined p0 ≡
√
p2x0 + p
2
y0 + p
2
z0, gµ ≡
µnp0/(mnc
2), χ ≡ dn/gµ, and nˆpi ≡ pˆi/p0 (i = x, y, z)
for convenience in the following analysis. All interactions
are normalized by gµ, and the EDM interaction is repre-
sented as χgµ. Note that χ is dimensionless real quantity.
The time evolution operator is e−iHˆt. Note that in this paper, although we do not use the natural units, ~ is
discarded for simplicity. Using the Baker–Campbell–Hausdorff formula, and [xˆ, pˆx] = i and [xˆ, pˆ
2
x] = 2ipˆx, we obtain
exp
(
−iHˆt
)
= exp
(
−i pˆ
2
2mn
t
)
exp
[
−i
(
Hˆ0 + Hˆχ
)
t+O
(
t3g2µ
α2
mn
, t3g2µαE
0
y
pˆx
mn
)]
, (11)
where the interaction Hamiltonian with the background (Hˆ0) and with the EDM (Hˆχ) are
Hˆ0 ≡ −gµE0x
[
E0y
E0x
nˆpz ⊗ σˆx − nˆpz ⊗ σˆy +
(
nˆpy −
E0y
E0x
nˆpx
)
⊗ σˆz
]
+ gµα
(
xˆ+
t
2mn
pˆx
)(
nˆpz ⊗ σˆy − nˆpy ⊗ σˆz
)
, (12)
Hˆχ ≡ −χgµ
[
E0x + α
(
xˆ+
t
2mn
pˆx
)]
⊗ σˆx − χgµE0y ⊗ σˆy . (13)
We have checked that the O(t3) terms in Eq. (11) are numerically negligible in the following analysis. Besides, the
last term in Eq. (13) is totally screened by gµE
0
xnˆpz ⊗ σˆy in Hˆ0.
Then, we expand the interaction Hamiltonian by αxˆ, and obtain the following analytic form:
exp
[
−i
(
Hˆ0 + Hˆχ
)
t
]
= Uˆ0(t) + α
(
xˆ+
t
2mn
pˆx
)
Uˆ1(t) +O
(
α2
(
xˆ+
t
2mn
pˆx
)2)
, (14)
with
Uˆ0(t) =I2 cos
(
gµE
0
xt
)
+
 −iE0yE0xnpx0 + inpy0 −npz0 + iE0yE0xnpz0 + iχ
npz0 + i
E0y
E0x
npz0 + iχ +i
E0y
E0x
npx0 − inpy0
 sin (gµE0xt)+O
(E0y
E0x
)2 , (15)
Uˆ1(t) =
 −iE0yE0xnpx0 + inpy0 iE0yE0xnpz0 − npz0 + iχ
i
E0y
E0x
npz0 + npz0 + iχ i
E0y
E0x
npx0 − inpy0
 gµt cos (gµE0xt)
+
i E0y(E0x)2npx0 − gµt −i E0y(E0x)2npz0
−i E
0
y
(E0x)
2npz0 −i E
0
y
(E0x)
2npx0 − gµt
 sin (gµE0xt)+O
(E0y
E0x
)2 , (16)
where I2 is the 2× 2 unit matrix. Hereafter, we assume nˆpi → npi0 = pi0/p0 (i = x, y, z) and n2px0 + n2py0 + n2pz0 = 1
for simplicity of calculations. The higher-order terms O((E0y/E0x)2) are numerically irrelevant when E0y  E0x. The
Uˆ0(t) and Uˆ1(t) satisfy the unitarity condition:
Uˆ0(t)Uˆ0(t)
† = I2 , Uˆ1(t)Uˆ1(t)† = (gµt)
2
I2 , Uˆ0(t)Uˆ1(t)
† + Uˆ1(t)Uˆ0(t)† = 0 , (17)
#3 We also considered more realistic distribution that the neutron
beam is described as a mixed state which is a statistical ensemble
of single neutron state. Here, we assumed that both states can be
described as the Gaussian distributions, and the standard devia-
tion of the mixed state and single neutron state are represented
by d and dsingle, respectively. We checked that dsingle contribu-
tions to the following analysis are numerically irrelevant, and all
the results are sensitive to only d. This justifies our assumption 2.
5up to the following higher-order corrections:
O
χE0y
E0x
, χ2,
(
E0y
E0x
)2
, n2px0 ,
E0y
E0x
npx0npy0
 . (18)
Now, we obtain the compact form of the time evolution operator,
exp
(
−iHˆt
)
' exp
(
−i pˆ
2
2mn
t
)[
Uˆ0(t) + α
(
xˆ+
t
2mn
pˆx
)
Uˆ1(t)
]
. (19)
As mentioned previous section, the weak measurement
requires pre- and post-selections, and we select the neu-
tron spin polarization. Since the neutron polarization
rate is not perfect in practical spin polarizers, we in-
clude an impurity effect in the pre- and post-selections
as mixed spin states of the neutron. As will be shown
later, the final result significantly depends on the impu-
rity effect. We consider the following pre-selected state
in the Hilbert space HS :
ρˆSini = (1− )|ψ〉〈ψ|+ |φ〉〈φ|
=
1
2
(
1 −i(1− 2)
i(1− 2) 1
)
, (20)
where two polarization states are (see Fig. 1)
|ψ〉 = |+y〉 = 1√
2
(
i
−1
)
, (21)
|φ〉 = |−y〉 = 1√
2
(
i
1
)
. (22)
Here, |±y〉 are eigenstates of the spin operator σˆy. Be-
sides,  (0 <  1) stands for the selection impurity.
After the pre-selection, the quantum state of the total
system at the initial time t = 0 can be expressed as
direct-product ρˆtotalini = ρˆ
P
ini⊗ ρˆSini, where ρˆPini is defined in
Eq. (7), which is the assumption 2.
The late-time quantum state of the total system at t = T (see Fig. 1) just before the post-selection is given as
ρˆtotalini (T ) = e
−iHˆT ρˆtotalini e
iHˆT
= e−i
pˆ2
2mn
T
[
Uˆ0(T ) + α
(
xˆ+
T
2mn
pˆx
)
Uˆ1(T )
]
ρˆtotalini
[
Uˆ0(T )
† + α
(
xˆ+
T
2mn
pˆx
)
Uˆ1(T )
†
]
ei
pˆ2
2mn
T . (23)
Next, we consider the following post-selected state:
ρˆSfin = (1− )|φδ〉〈φδ|+ |ψδ〉〈ψδ|
=
1
2
(
1 + (1− 2) sin δ i(1− 2) cos δ
−i(1− 2) cos δ 1− (1− 2) sin δ
)
, (24)
with
|ψδ〉 ≡ ei δ2 σˆx |+y〉 = 1√
2
(
i
(
cos δ2 − sin δ2
)
− (cos δ2 + sin δ2)
)
,
|φδ〉 ≡ ei δ2 σˆx |−y〉 = 1√
2
(
i
(
cos δ2 + sin
δ
2
)
cos δ2 − sin δ2
)
. (25)
Here, δ is a polarization angle around x-axis for the post-selection (see Fig. 1). It is known that small δ angle is
preferred for the weak value amplification [47]. The selection impurity  is also included in the post-selection, and we
assume its quality is the same as the pre-selection, for simplicity.
After the post-selection, the final state of the total system is written as ρˆtotalfin = ρˆ
P
fin⊗ ρˆSfin. Using the late-time state
in Eq. (23), we obtain the neutron final state in the Hilbert space HP ,
ρˆPfin ≡TrS
[
ρˆtotalfin
]
= TrS
[
ρˆSfinρˆ
total
ini (T )
]
=TrS
[
ρˆSfinUˆ0(T )ρˆ
S
iniUˆ0(T )
†
]
e−i
pˆ2
2mn
T
{
ρˆPini + χgµαT
[
WρˆPini
(
xˆ+
T
2mn
pˆx
)
+W ∗
(
xˆ+
T
2mn
pˆx
)
ρˆPini
]}
ei
pˆ2
2mn
T
+O
(
(gµαT )
2
)
, (26)
6where we defined the following dimensionless complex quantity W ,
W ≡ 1
χgµT
TrS
[
ρˆSfinUˆ0(T )ρˆ
S
iniUˆ1(T )
†
]
TrS
[
ρˆSfinUˆ0(T )ρˆ
S
iniUˆ0(T )
†
] . (27)
The W corresponds to the weak value. For the third term of Eq. (26), using Eqs. (20) and (24), we used
TrS
[
ρˆSfinUˆ1(T )ρˆ
S
iniUˆ0(T )
†
]
= TrS
[
Uˆ0(T )
∗(ρˆSini)
T Uˆ1(T )
T (ρˆSfin)
T
]
= TrS
[
ρˆSfinUˆ0(T )ρˆ
S
iniUˆ1(T )
†
]∗
. (28)
Similarly, one can easily find TrS
[
ρˆSfinUˆ0(T )ρˆ
S
iniUˆ0(T )
†
]
= TrS
[
ρˆSfinUˆ0(T )ρˆ
S
iniUˆ0(T )
†
]∗
= real.
In an ideal experimental setup limit, E0y/E
0
x → 0, npx0,y0 → 0, and → 0, the weak value W is expressed as
W = −i 〈ψ(T )|σˆx|φδ〉〈ψ(T )|φδ〉 +
i
χ
〈ψ(T )|σˆy|φδ〉
〈ψ(T )|φδ〉 (29)
=
i
χ
− e−2igµE0xT cot
(
δ
2
)
+O(χ) , (30)
where we define
|ψ(T )〉 = Uˆ0(T )|ψ〉
=
{
cos
(
gµE
0
xT
)
I2 + i sin
(
gµE
0
xT
)
[χσˆx − σˆy]
} |ψ〉 (31)
= e−igµE
0
xT |ψ〉+ i sin (gµE0xT )χσˆx|ψ〉 . (32)
According to the definition of the weak value in Eq. (4), we find W = −i〈σˆx〉W + iχ 〈σˆy〉W in the ideal experimental
limit, and show that W is amplified by cot(δ/2) for small δ region [47]. One should note that since W is always
multiplied by χ in Eq. (26), the first term in Eq. (30) is not singular in χ → 0 limit. In other words, there is a
contribution in Eq. (26) that is independent of χ (signal) and sensitive to the weak value W , especially 〈σˆy〉W . We
will show that such a contribution corresponds to a background effect (from the relativistic E×v effect). It would be
interesting possibility to measure the weak value from the background effect, even if one cannot measure the neutron
EDM signal. It is noteworthy that proposed setup is valuable for not only the neutron EDM search but also the
quantum mechanics itself.
In practical experimental setup, since E0y 6= 0, npx0,y0 6= 0, and  6= 0, O(1/χ) term survives in W that induces χ-
independent contributions in Eq. (26). This means that the neutron magnetic moment, which should be χ independent,
behaves as a background effect against the neutron EDM signal in the weak measurement.
Using ρˆPfin in Eq. (26), one can consider TrP [ρˆ
P
fin] and TrP [xˆρˆ
P
fin] as follows:
TrP
[
ρˆPfin
]
=Tr
[
ρˆtotalfin
]
=TrS
[
ρˆSfinUˆ0(T )ρˆ
S
iniUˆ
†
0 (T )
](
1 + χgµα
px0
mn
T 2ReW
)
+O ((gµαT )2) , (33)
TrP
[
xˆρˆPfin
]
=Tr
[
xˆρˆtotalfin
]
=TrS
[
ρˆSfinUˆ0(T )ρˆ
S
iniUˆ
†
0 (T )
](
TrP
[
xˆe−i
pˆ2x
2mn
T ρˆPinie
i
pˆ2x
2mn
T
]
+ χgµαT
{
WTrP
[
xˆe−i
pˆ2x
2mn
T ρˆPini
(
xˆ+
T
2mn
pˆx
)
ei
pˆ2x
2mn
T
]
+W ∗TrP
[
xˆe−i
pˆ2x
2mn
T
(
xˆ+
T
2mn
pˆx
)
ρˆPinie
i
pˆ2x
2mn
T
]})
+O ((gµαT )2)
=TrS
[
ρˆSfinUˆ0(T )ρˆ
S
iniUˆ
†
0 (T )
](px0
mn
T + 2χgµαT
(
d2 +
1 + 4d2p2x0
4d2
T 2
2m2n
)
ReW − χgµα T
2
2mn
ImW
)
+O ((gµαT )2) . (34)
7Here, we used the following relations [the assumption 2 in Eq. (7)]:
TrP
[
ρˆPini
]
= 1 , TrP
[
xˆρˆPini
]
= 0 , TrP
[
xˆ2ρˆPini
]
= d2 ,
TrP
[
pˆxρˆ
P
ini
]
= px0 , TrP
[
pˆ2xρˆ
P
ini
]
=
1 + 4d2p2x0
4d2
, TrP
[
xˆpˆxρˆ
P
ini
]
=
i
2
, (35)
and [
xˆ, e−i
pˆ2x
2mn
T
]
=
T
mn
pˆxe
−i pˆ
2
x
2mn
T , (36)
from [xˆ, pˆ2x] = 2ipˆx.
Eventually, we obtain an expectation value of the position shift of the neutron after the post-selection as (see
Fig. 1),
∆Wx ≡
TrP [xˆρˆ
P
fin]
TrP [ρˆPfin]
=
px0
mn
T + 2χgµαT
[
d2 +
1
2d2
(
T
2mn
)2]
ReW − χgµα T
2
2mn
ImW +O ((gµαT )2) . (37)
Note that the (T/2mn)
2/2d2 term in the third term is numerically negligible. In the limit of npx0,y0 → 0, we obtain
the following analytical formula of the expected position shift:
∆Wx = ∆
W
x (EDM) + ∆
W
x (BG) +O
2, δ2, (E0y
E0x
)2
, (gµαT )
2
 , (38)
with
∆Wx (EDM) =− χgµαTd2δ
1− 3
2
cos
(
2gµE
0
xT
)
+ χαd2
1− 

E0y
(E0x)
2 sin
(
gµE
0
xT
) [
2gµE
0
xT cos
(
gµE
0
xT
)− sin (gµE0xT )] ,
(39)
∆Wx (BG) =α
T
mn
δ
1− 
8
E0y
(E0x)
2
sin2
(
gµE
0
xT
)− αd2δ 1− 3
4
E0y
(E0x)
2
[
2gµE
0
xT cos
(
2gµE
0
xT
)− sin (2gµE0xT )] . (40)
Here, the ∆Wx (EDM) corresponds to the EDM signal, while the ∆
W
x (BG) is the shift by the background effect which
stems from the neutron magnetic moment (the relativistic E× v effect). The relativistic effects ∆Wx (BG) mimic the
neutron EDM signal ∆Wx (EDM).
Surprisingly, we find that such the relativistic effect is dropped when E0y  E0x and/or δ ≈ 0. For instance, when
one takes δ = 0 in the post-selection, the expected position shift is
∆Wx (EDM)|δ→0 = χαd2
1− 

E0y
(E0x)
2 sin
(
gµE
0
xT
) [
2E0xgµT cos
(
gµE
0
xT
)− sin (gµE0xT )] ,
∆Wx (BG)|δ→0 = 0 . (41)
In this limit which one can realize by setting the first and second polarizers to be turned the opposite directions, the
background shift from the relativistic E× v effect is dropped.
Besides, we observe that a dimensionless combination gµE
0
xT is given by
gµE
0
xT ' −1.0× 10−2
( vn
103 m · sec−1
)( E0x
106 V ·m−1
)(
T
10−2 sec
)
, (42)
where we define the neutron velocity vn as p0 = mnvn. For |gµE0xT |  1 region, the expected position shift in
Eqs. (39) and (40) is given by
∆Wx (EDM) '− χgµαTd2δ
1− 3
2
[
1− 2(gµE0xT )2
]
+ χαd2
1− 

E0y
(E0x)
2
(
gµE
0
xT
)2
, (43)
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FIG. 2. Left: the weak value ReW in Eq. (27) as a function of δ with E0y = 10 V/m fixed. Right: the weak value ReW as
a function of E0y with δ = 0.01pi fixed. In both panels, we take T = 10
−3 sec, E0x = 10
6 V/m, and dn = 10
−26 e cm, and vary
 = 0, 10−4, 10−2, and 10−1. The black dotted line corresponds to |ReW | = 1, which is the eigenvalue of σˆx.
∆Wx (BG) 'α
T
mn
δ
1− 
8
E0y
(E0x)
2
(
gµE
0
xT
)2
+ 2αd2δ
1− 3
3
E0y
(E0x)
2 (gµE
0
xT )
3 . (44)
Using |E0y/E0x|  1 and  1, eventually we obtain an approximation formula,
∆Wx ≈ ∆Wx (EDM) ≈ −
χgµαTd
2δ
2
= −dnαTd
2δ
2
. (45)
As we will show in the next section, choosing suitable
input parameters such like , δ, T, and E0y/E
0
x, the weak
value ReW can be significantly amplified, and it is just
the weak value amplification.
Although we analytically obtain the expectation value
of the deviation of the neutron position from x = 0 as
∆Wx up to corrections of O
(
(gµαT )
2
)
, we will also give
the full-order result in Appendix B. In the leading-order
analysis in Eq. (37), the EDM signal induced by χ can
be enhanced by large value of αTd2. We find, however,
that the EDM signal is not amplified by the large value
of αTd2 in the full-order analysis, because an additional
damping factor appears as we will discuss in the next
section.
It is important to distinguish the neutron EDM signal
from the background shift. Since the background effect
depends on many parameters and is complicated in our
setup, we evaluate it numerically in the next section.
Before closing this section, let us comment on a special
setup in which Eˆ = 0 with pre- and post-selections. In
such a case, ∆Wx = (px0/mn)T is predicted. Therefore,
the first term Eq. (37) can be subtracted by using data
of a setup where the external electric field is turned off.
IV. NUMERICAL RESULTS
In this section, we show numerical results with varying
many input parameters. Here and hereafter, we assume
the following neutron beam velocity:
vn = 10
3 m/sec , npx0 = npy0 = 0 , npz0 = 1 , (46)
and the neutron beam size
d = 0.1 m , (47)
where vn and d are reasonable values in the J-PARC
neutron beam experiment [64, 65], while ideal values of
npx0,y0 are taken.
First, we show the weak value ReW in Eq. (27) in
Fig. 2. In both panel, the black dotted lines represent
ReW = ±1, which corresponds to the eigenvalues of σˆx.
Hence, the weak value gives amplification of the signals
for the regions with |ReW | > 1. In the left panel, we
investigate δ and  dependence, where T = 10−3 sec,
E0x = 10
6 V/m, E0y = 10 V/m, and dn = 10
−26 e cm
are taken. It is shown that the weak value amplification
occurs when  . 10−2, and the amplification is maxi-
mized for small δ regions. As you can see, two orders of
magnitude amplification is possible. In the right panel,
E0y dependence of the weak value is investigated, where
δ = 0.01pi is fixed. It is found that E0y dependence is neg-
ligible. Note that we also observed that the weak value
is insensitive to T , E0x, and dn for |gµE0xT |  1 region
[see Eq. (42)]. Above results show that the weak value
amplification can be controlled by only the polarization
angle δ and the selection impurity  in the pre- and post-
selections.
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FIG. 3. The expected position shift of the center-of-mass of the neutron bunch ∆Wx is shown as a function of T . The solid
lines stand for the EDM signal parts ∆Wx (EDM) with dn = 10
−25 e cm, while the dashed lines are for the background effects
∆Wx (BG). The blue and red lines represent the leading-order calculations and the full-order ones. In the left and right panels,
we take E0x = 10
6 and 107 V/m, respectively. In both panels,  = 0, δ = 10−3, E0y = 10 V/m, and α = 10
9 V/m2 are taken.
Next, we compare the leading-order approximation
with respect to gµαT , which is shown in the previous
section, with the full-order analysis. Since equations for
the full-order analysis are lengthy, we put them on Ap-
pendix B. From the second term of Eq. (37), the expected
position shift of the center-of-mass of the neutron bunch
is nearly proportional to αTd2 within the leading-order
approximation. Thus, it is expected that one can amplify
the EDM signal by adopting a large value of αTd2. This
fact is, however, incorrect in the full-order analysis. As
shown in Appendix B, the full-order results include a
damping factor exp
{−(gµαT )2[d2 + (T/2mn)2/4d2]/2}
with respect to αTd2 appeared in Eqs. (B17) and (B18).
Since this damping factor becomes significant for a region
of
gµαTd > 1 , (48)
the EDM signal cannot be amplified by the large value
of αTd2. This factor comes from a Gaussian integral,∫
dx
1√
2pid2
ei(gµαT )xe−
x2
2d2 = e−
1
2 (gµαT )
2d2 , (49)
and makes the transition probability in Eq. (33) finite
even when δ → 0 and the ideal experimental setup limit
are taken: E0y/E
0
x → 0, npx0,y0 → 0, and → 0.
In Fig. 3, we show the expected position shift of the
center-of-mass of the neutron bunch ∆Wx as a function of
T . In both panels, the solid lines stand for the EDM
signal parts ∆Wx (EDM), which are proportional to χ,
with dn = 10
−25 e cm. On the other hand, the dashed
lines are for the background effects ∆Wx (BG), which are
χ independent. The blue and red lines correspond to
the leading-order calculations and the full-order ones, re-
spectively. We take  = 0, δ = 10−3, E0y = 10 V/m,
α = 109 V/m2, and E0x = 10
6 (107) V/m for the left
(right) panel.
It is shown that, the leading- and the full-order cal-
culations are well consistent with each other in small T
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FIG. 4. The potential sensitivity to the neutron EDM as
functions of the selection impurity  and the polarization an-
gle δ in the pre- and post-selections. Here, we take T =
0.005 sec, E0x = 10
6 V/m, E0y = 10 V/m, and α = 10
9 V/m2.
regions. On the other hand, ∆Wx is significantly sup-
pressed for large T regions. This figures also show that
the background effects are smaller than the EDM signal
contributions by several orders of magnitude, which has
been shown analytically in the previous section. We also
find that the EDM signal contribution is insensitive to
E0x, while the background effect is sensitive.
Finally, we show a potential sensitivity of the weak
measurement that can probe the neutron EDM signal.
In this setup, the neutron EDM can be probed by precise
measurement of ∆Wx . In current technology, it is possible
to measure the neutron position with a spacial resolution
1–50µm [66, 67]. If nuclear emulsion can be used there, it
10
spatial resolution becomes less than 100 nm [68]. There-
fore, the spatial resolution determines the potential sen-
sitivity to the neutron EDM signal. By requiring a con-
dition |∆Wx | > 1µm, we show the sensitivity to the neu-
tron EDM in Fig. 4, where ∆Wx includes both the EDM
signal and the background shift and the full-order for-
malism is used. The sensitivity is shown as a contour on
the –δ plane, here we take T = 0.005 sec, E0x = 10
6 V/m,
E0y = 10 V/m, and α = 10
9 V/m2. The chosen value of T
corresponds to a maximum value of ∆Wx (EDM) in Fig. 3.
Based on parameters in Ref. [35] and discussions with an
experimentalist at the J-PARC [69], these parameters are
chosen. In the Fig. 4, the red (dashed) line corresponds
to the current (improved) neutron EDM bound in Eq. (1)
[Eq. (2)], and the larger dn region is excluded. Besides,
we find the background effect is negligible on this plane.
We show that the impurity effect changes the sensitiv-
ity drastically, and find that the neutron EDM signal can
be probed for a very small impurity region,  < 10−4. It
is one order of magnitude smaller than the current tech-
nology, e.g.,  = (6 ± 1stat. ± 3sys.) × 10−4 [70], which
is shown as the vertical blue dotted line in Fig. 4: the
setup with  = 6×10−4 and δ = 0.1 could probe a region
dn > 8× 10−26.
We comment on contributions from nonzero npx0 and
npy0 values. We find that if npx0,y0 are smaller than 10
−5,
these effects do not appear in above numerical evalua-
tions. We also find that the effect of npy0 is more sig-
nificant than npx0 : O(1) contributions are produced for
npy0 ∼ 10−4 region.
We also comment on a statistical condition for mea-
suring non-zero ∆Wx . In such an experiment, one has
to reject a null hypothesis of the neutron beam follow-
ing the Gaussian distribution with the average position
0 and the variance d2. If one measures positions of the
center-of-mass of the neutron bunches by N neutrons,
the statistical condition for measuring non-zero ∆Wx at
nσ level is expressed as ∆Wx ≥ n ·d/
√N . If one considers
a case that a resolution of 1µm for ∆Wx and d = 0.1 m,
the condition is N ≥ 1010n2. Since the O(109) neutrons
can be generated per second in the experiment [65], one
could safely neglect such a statistical uncertainty using
O(10/) seconds neutron beam.
V. CONCLUSIONS
In this paper, we proposed a novel approach in a search
for the neutron EDM by applying the weak measure-
ment, which is independent from the Ramsey method.
Although the relativistic E × v effect provides a severe
systematic uncertainty in the neutron EDM experiment
in which the neutron beam is used, we find such a con-
tribution is numerically irrelevant in the weak measure-
ment. This is quite unexpected result, and we believe
that this fact would provide a new virtue of the weak
measurement.
To investigate a potential sensitivity to the neutron
EDM search, we included the effect from the selection
impurities in the pre- and post-selections. Our study
showed that the size of the impurity crucially determines
the sensitivity.
We found that the weak measurement can reach up
to dn = 8 × 10−26 e cm within the current technology.
This is one order of magnitude less sensitive that the
current neutron EDM bound, where the UCNs based on
the Ramsey method are used.
In addition, our approach could provide a new possi-
bility to measure the weak value of the neutron spin po-
larization from the background effect. This fact makes
our study fascinating in the point of view of the quantum
mechanics.
Although the small impurity,  < 10−4, for probing
the neutron EDM is difficult at the present time, we
hope several improvements on the experimental technol-
ogy, e.g., the sensitivity can be amplified by α and the
resolution of ∆Wx measurement, and anticipate that this
kind of experiment will be performed in future.
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Appendix A: External electric field with gradient
In this appendix, we consider a general setup of the external electric field with spatial gradients. Let us consider
an external electric field with gradients ∂Eˆ/∂x = (αx, αy, 0):
Eˆ(x) =
(
E0x + αxx, E
0
y + αyx, 0
)
, (A1)
where E0x,y and αx,y are constants. Note that the setup is insensitive to Ez component and its relativistic effect.
When one considers a rotation of the coordinate that all spatial dependence go to single electric filed component,
the following Eˆ with a coordinate x′ are obtained:
Eˆ′(x′, y′)T = REˆT =
1√
α2x + α
2
y
αxE0x + αyE0y + (α2x + α2y)x−αyE0x + αxE0y
0
 (A2)
=

1√
α2x+α
2
y
(αxE
0
x + αyE
0
y) + αxx
′ − αyy′
1√
α2x+α
2
y
(−αyE0x + αxE0y)
0
 , (A3)
and
x′ ≡
x′y′
z′
 = Rx = 1√
α2x + α
2
y
 αxx+ αyy−αyx+ αxy
z
 , (A4)
where the rotation matrix R is
R =
 cos θ sin θ 0− sin θ cos θ 0
0 0 1
 , with cos θ = αx√
α2x + α
2
y
. (A5)
The spatial dependence of y′ in Eˆ′(x′, y′) would provide us with a spatial displacement of the neutron along y′ axis.
In order to obtain the experimental setup in Eq. (6), αy  αx are thus required.
Appendix B: Full-order calculation for ∆Wx
In this appendix, we give building blocks of the full-order calculation for ∆Wx with respect to gµαT . The expected
position shift of the center-of-mass of the neutron bunch is defined as [see Eqs. (33), (34), and (37) for the leading-order
analysis]:
∆Wx =
Tr
[(
xˆ+ T2mn pˆx
)
ρˆtotalfin
]
Tr
[
ρˆtotalfin
] , (B1)
with
Tr
[
ρˆtotalfin
]
= 〈Gpx0 |TrS
[
ρˆSfine
−iT Hˆ ρˆSinie
iT Hˆ
]
|Gpx0〉 , (B2)
Tr
[(
xˆ+
T
2mn
pˆx
)
ρˆtotalfin
]
= 〈Gpx0 |
(
xˆ+
T
2mn
pˆx
)
TrS
[
ρˆSfine
−iT Hˆ ρˆSinie
iT Hˆ
]
|Gpx0〉 . (B3)
In the full-order analysis, we discard only O(χ2) contributions. Using Eqs. (11)–(13) for the time evolution operator,
TrS [ρˆ
S
fine
−iT Hˆ ρˆSinie
iT Hˆ ] is expanded as
TrS
[
ρˆSfine
−iT Hˆ ρˆSinie
iT Hˆ
]
=e−iT
pˆ2x
2mn
{
− 1
2Eˆ2x
[
Eˆ2x(−1 + (1− 2)2 cos(δ)) cos2(EˆxgµT )− (E0ynpx0 − Eˆxnpy0)2 sin2(EˆxgT )
− (Eˆ2x + (E0y)2)n2pz0 sin2(EˆxgµT )− (1− 2)2(E0ynpx0 − Eˆxnpy0)2 cos(δ) sin2(EˆxgµT )
12
− (1− 2)2(−Eˆx + E0y)(Eˆx + E0y)n2pz0 cos(δ) sin2(EˆxgµT )
− 2(1− 2)2Eˆx(E0ynpx0 − Eˆxnpy0)npz0 sin(δ) sin2(EˆxgµT ) + (1− 2)2EˆxE0ynpz0 sin(δ) sin(2EˆxgµT )
]
− χ 1
2Eˆ2x
[
− 2EˆxE0ynpz0 sin2(EˆxgµT )− 2(1− 2)2EˆxE0ynpz0 cos(δ) sin2(EˆxgµT )
+ (1− 2)2Eˆ2x sin(δ) sin(2EˆxgµT )
]}
e+iT
pˆ2x
2mn +O(χ2) , (B4)
where Eˆx is defined as Eˆx = E
0
x + α (xˆ+ T pˆx/2mn). To calculate Eqs. (B2) and (B3), the following building blocks
are needed:
〈Gpx0 |e−iT
pˆ2x
2mn cos2
(
EˆxgµT
)
e+iT
pˆ2x
2mn |Gpx0〉 =
1
4
[f1(2gµ) + f1(−2gµ) + 2] , (B5)
〈Gpx0 |e−iT
pˆ2x
2mn sin2
(
EˆxgµT
)
e+iT
pˆ2x
2mn |Gpx0〉 = −
1
4
[f1(2gµ) + f1(−2gµ)− 2] , (B6)
〈Gpx0 |e−iT
pˆ2x
2mn
1
Eˆ2x
sin2
(
EˆxgµT
)
e+iT
pˆ2x
2mn |Gpx0〉 = T 2
∫ gµ
0
dg1
∫ g1
0
dg2 [f1(2g2) + f1(−2g2)] , (B7)
〈Gpx0 |e−iT
pˆ2x
2mn
1
Eˆx
sin2
(
EˆxgµT
)
e+iT
pˆ2x
2mn |Gpx0〉 =
T
2i
∫ gµ
0
dg1 [f1(2g1)− f1(−2g1)] , (B8)
〈Gpx0 |e−iT
pˆ2x
2mn sin
(
2EˆxgµT
)
e+iT
pˆ2x
2mn |Gpx0〉 =
1
2i
[f1(2gµ)− f1(−2gµ)] , (B9)
〈Gpx0 |e−iT
pˆ2x
2mn
1
Eˆx
sin
(
2EˆxgµT
)
e+iT
pˆ2x
2mn |Gpx0〉 = T
∫ gµ
0
dg1 [f1(2g1) + f1(−2g1)] , (B10)
〈Gpx0 |
(
xˆ+
T
2mn
pˆx
)
e−iT
pˆ2x
2mn cos2
(
EˆxgµT
)
e+iT
pˆ2x
2mn |Gpx0〉 =
1
4
[
f2(2gµ) + f2(−2gµ) + T
2mn
px0
]
, (B11)
〈Gpx0 |
(
xˆ+
T
2mn
pˆx
)
e−iT
pˆ2x
2mn sin2
(
EˆxgµT
)
e+iT
pˆ2x
2mn |Gpx0〉 = −
1
4
[
f2(2gµ) + f2(−2gµ)− T
2mn
px0
]
, (B12)
〈Gpx0 |
(
xˆ+
T
2mn
pˆx
)
e−iT
pˆ2x
2mn
1
Eˆ2x
sin2
(
EˆxgµT
)
e+iT
pˆ2x
2mn |Gpx0〉 = T 2
∫ gµ
0
dg1
∫ g1
0
dg2 [f2(2g2) + f2(−2g2)] , (B13)
〈Gpx0 |
(
xˆ+
T
2mn
pˆx
)
e−iT
pˆ2x
2mn
1
Eˆx
sin2
(
EˆxgµT
)
e+iT
pˆ2x
2mn |Gpx0〉 =
T
2i
∫ gµ
0
dg1 [f2(2g1)− f2(−2g1)] , (B14)
〈Gpx0 |
(
xˆ+
T
2mn
pˆx
)
e−iT
pˆ2x
2mn sin
(
2EˆxgµT
)
e+iT
pˆ2x
2mn |Gpx0〉 =
1
2i
[f2(2gµ)− f2(−2gµ)] , (B15)
〈Gpx0 |
(
xˆ+
T
2mn
pˆx
)
e−iT
pˆ2x
2mn
1
Eˆx
sin
(
2EˆxgµT
)
e+iT
pˆ2x
2mn |Gpx0〉 = T
∫ gµ
0
dg1 [f2(2g1) + f2(−2g1)] , (B16)
with
f1(gµ) ≡ 〈Gpx0 |e−iT
pˆ2x
2mn eiEˆxgµT e+iT
pˆ2x
2mn |Gpx0〉
= ei(gµE
0
xT−gµαT T2mn px0)e−
(gµαT )
2
2
[
d2+ 1
4d2
( T2mn )
2
]
, (B17)
f2(gµ) ≡ 〈Gpx0 |e−iT
pˆ2x
2mn
(
xˆ+
T
2mn
pˆx
)
eiEˆxgµT e+iT
pˆ2x
2mn |Gpx0〉
=
{
− T
2mn
(px0 + gµαT ) + igµαT
[
d2 +
1
4d2
(
T
2mn
)2]}
ei(gµE
0
xT−gµαT T2mn px0)e−
(gµαT )
2
2
[
d2+ 1
4d2
( T2mn )
2
]
.
(B18)
Combining Eqs. (B2)–(B18), one can numerically calculate the expected position shift of the center-of-mass of the
neutron bunch at the full order. See e.g., Refs. [48, 71] for detailed discussions of the damping factors in Eqs. (B17)
and (B18).
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